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Using the same process , we have that  is monotonic i N.
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Let T=  T is infinite.

Then , we have the following results.
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3. Find a deterministic algorithm to prove that the domination number of a graph G 
(1 ln ( ) 1)( )
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G
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+ +
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+ +

. 

 
Let G be a graph with ( )Gδ =k. Given S⊆V(G). 
Let U be the set of vertices not dominated by S. 
Claim: There exists some vertex y∈V (G) and y∉S such that y dominates at least 
| | ( 1)U k

n
+  vertices of U. 

Proof of claim: ( )G kδ =Q  and ( )U V G⊆ | [ ]|   | | ( 1)
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Hence there exists some vertex ( )( )y V G y S∈ ∉ appears at least | | ( 1)U k
n
+ times. 

Method: We select a vertex repeatly that dominates the most of the remaining 
undominated vertices. 
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The number of vertices of a dominating set=(number of vertices we select)+(number 
of undominated vertices). 
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6. Disprove Hajos conjecture (in vertex coloring). 游舜婷

Hajos Conjecture Every k-chromatic graph contains a subdivision

of Kk.

We want to give counterexamples to disprove it. Thick edges below

indicate that every vertex in one circle is adjacent to every vertex in

the other.

G: H:

Claim: (1). χ(G) = 7 but G has no K7-subdivision.

(2). χ(H) = 8 but H has no K8-subdivision.

(1). Let G = G7 = C5[K3, K2, K3, K2, K3].

Because of the construction, we can’t take two vertices from the same

circle or adjacent circles in an independent set. Hence the independence

number α(G) = 2. ⇒ χ(G) ≥ |G|
α(G) = 13

2 = 6.5. ⇒ χ(G) ≥ 7.

Since we can use colors 123, 45, 267, 14, 567 in the successive cliques of

G, χ(G) ≤ 7. Thus, χ(G) = 7.

Claim: G has no K7-subdivision.

Suppose G has a K7-subdivision. Since there are at most six vertices in

any two adjacent circles, there exists two vertices u, v of degree 7−1 = 6

in nonadjacent circles.

1



(Case1) One of u, v is chosen from a circle of size 3. Since u, v are

vertices of degree six in the K7-subdivision, there must be six pairwise

internally disjoint u− v paths in G. This is impossible, since u, v has a

separating set of size 5. It contradict to the existence of K7-subdivision.

Ex:

If u, v are in circles 2 and 5, then the union of circle 1 and 4 is a sepa-

rating set of u, v of size 5.

(Case2) u, v are chosen from the circles of size 2.

W.L.O.G. assume u is in the circle 2 and v is in the circle 4.

If one of the other five vertices of degree 6 in the K7-subdivision is in

the circle 1 or in the circle 5, then we go back to case1(→←).

⇒ The vertices of degree 6 in the K7-subdivision are the vertices in

circle 2,3,4.
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⇒ The four internally disjoint paths cinnected the circle 2 and circle 4

must use the circle 1 and 5. (這四條 path 是在K7上的邊加上 degree 2

的點, 所以一定只能經過 circle 1 and circle 5).

This is impossible, since there are only three internally disjoint paths.

Hence G has no K7-subdivision.

⇒ G is a counterexample of Hajos conjecture.

Use the same argument we have H is also a counterexample of Hajos

conjecture.
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7. For every positive integer  ܓ ൒ ૜, prove that there exists a graph G 

such that  ሺ۵ሻ૏ሺ۵ሻ܏ ൐  .૛ܓ

 

Proof: Fix  ε. 0 ൏ ߝ ൏ ଵ
୩
  . 

          Let  p ൌ nகିଵ. 

          Let  ΧሺHሻ  .the number of cycles of length at most k؝

    Since the number of cycles of length k’ is equal to 
୬౨

ᇲ

ଶ୩ᇲ
  where r’=n(n‐1)(n‐2)…(n‐k’+1).. 

          (有 n(n‐1)…(n‐k’+1)種選擇 k’‐cycle,  但每一個 k’‐cycle  有 2k’個一樣的 cycle). 

          EሺXሻ ൌ ∑ ୬ౡ
ᇲ

ଶ୩ᇲ
p୩ᇲ୩

୩ᇲୀଷ ൑ ଵ
ଶ
∑ n୧p୧୩
୧ୀଷ   ሺnp ൌ nnகିଵ ൌ nக ൒ 1ሻ 

          ൑ ଵ
ଶ
∑ ሺnpሻ୩୩
୧ୀଷ ൌ ଵ

ଶ
ሺk െ 2ሻሺnpሻ୩. 

          By Markov’s Inequality   

  p ቀX ൒ ୬
ଶ
ቁ ൑ EሺXሻ

୬
ଶൗ
 ൑ ሺk െ 2ሻn୩ିଵp୩ ൌ ሺk െ 2ሻn୩ିଵnሺகିଵሻ୩ ൌ ሺk െ 2ሻn୩கିଵ. 

Since  ε ൏ ଵ
୩
  then kε ൐ 1    Then  ሺk െ 2ሻn୩கିଵ ՜ 0 as n ՜ ∞. 

          ൌ൐ lim୬՜ஶ p ቀX ൒
୬
ଶ
ቁ ൌ 0 

          .nᇱ s׌ t ׊n ൐ nᇱ p ቀX ൒ ୬
ଶ
ቁ ൏ ଵ

ଶ
. 

          By Lemma Let k>0 be an integer and let p=p(n)൒ ሺ6k ln nሻnିଵ for large n. 

                            Then  lim୬՜ஶ p ቀα ൒
୬
ଶ୩
ቁ ൌ 0 

          Proof Lemma: For  n ൒ r ൐ 2. 

                    pሺα ൒ rሻ ൑ ൫୬୰൯1 െ p൫
౨
మ൯ ൌ ൫୬୰൯ሺ1 െ pሻ

౨ሺ౨షభሻ
మ ൑ n୰ሺ1 െ pሻ

౨ሺ౨షభሻ
మ  

                    Since  eି୮ ൒ 1 െ p. 
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                  ሺnሺ1 െ pሻ
ሺ౨షభሻ
మ ሻ୰ ൑ ሺnሺeି୮ሻ

౨షభ
మ ሻ୰ ൌ ሺne

ష౦౨శ౦
మ ሻ୰      Let p=ሺ6k ln nሻnିଵ,r= ୬

ଶ୩
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మ e
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మ e
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୰
    Since  ቀn

షభ
మ e

౦
మቁ ൑ 1 

    ൑ n
షభ
మ e

౦
మ ՜ 0  as n ՜ ∞. 

    ൌ൐ pቀα ൒ ୬
ଶ୩
ቁ ՜ 0 as n ՜ ∞. 

          Since  nகିଵ ൌ nகnିଵ ൒ ሺ6k ln nሻnିଵ  for large n, 

          Then  p ቀα ൒ ୬
ଶ୩
ቁ ൏ ଵ

ଶ
  for large n. 

          Then exists a graph H, |H|=n   

          The number of cycles of length at most k at most 
୬
ଶ
  and  αሺHሻ ൑ ୬

ଶ୩
. 

          Construct a new graph G 

          在 H中每一個長度不大於 k 的 cycle delete一個點 

          Then g(G)>k and  |G| ൒ ୬
ଶ
. 

          χሺGሻ ൒ |G|
஑ሺGሻ

൒
౤
మ

஑ሺHሻ
൐

୬
ଶൗ

୬
ଶ୩ൗ
ൌ k 

            Then  χሺGሻgሺGሻ ൐ ݇݇ ൌ kଶ. 
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9. Prove that the diameter of a connected graph G is less than the number 

  of distinct eigenvalues of G. 

pf： 

    Let A be the adjacency matrix and r be the of distinct eigenvalues. 

    Let them be λ1,λ2,…,λr. 

    Then 
1

( ) ( )
r

i
i

m x x λ
=

= −∏ is the minimal polynomial of A, that is, m(A)=0. 

    This implies that some linear combinations of I, A, A2, …, Ar are 0, and 

    I, A, A2, …, At are linearly independent for t < r. 

    Now we need to show that I, A, A2, …, Ak are linearly independent  

when k ≤ diam(G). 

It suffices to show that Ak is not a linear combinations of 

I, A, A2, …, Ak-1 for all k ≤ diam(G). 

Choose , ( )i jv v V G∈  such that ( , )i jd v v k= . 

Then this implies that ( , ) 0kA i j >  and ( , ) 0tA i j =  for k ≤ diam(G). 

Therefore, Ak is not a linear combinations of I, A, A2, …, Ak-1 for all  

k ≤ diam(G). 

Thus I, A, A2, …, Ak are linearly independent when k ≤ diam(G). 

Hence diam(G) < r.  � 



劉宜君 
#10 Prove that if G is a graph in each any two distant vertices have exactly one 

common neighbor, that ( ) 1.G GΔ = −  

Pf.  Case 1: G is regular. 
     Since G is regular, and each any two distant vertices in G have exactly one 

common neighbor , then it is easy to see that 1.λ μ= =  
   By theorem : If G is strongly regular with n vertices and parameters k, , ,λ μ  then 

the two numbers below are nonnegative integers 
2

1 ( 1)( ) 21
2 ( ) 4( )

n kn
k

μ λ
μ λ μ

⎛ ⎞− − −⎜ ⎟− ±
⎜ ⎟− + −⎝ ⎠

. 

We know that 1 1    2.
2 ( 1) ( 1)

k kn k
k k

⎛ ⎞
− ± ∈ ⇒ ∈ ⇒ =⎜ ⎟⎜ ⎟− −⎝ ⎠

 

   3 3 3 is the only 2-regular graph satisfying the condition, and (K )= K 1.K⇒ Δ −  

  Case 2 :  G is not regular. 

 

, ( ),  N(w) ( ) 1 w v V G N v∀ ∈ ∩ =  4forbids C .⇒  

If  does not adject to  w v in G ,let{ } ( ) ( ).u N w N v= ∩  
And let{ } ( ) ( ),a N u N v= ∩ {b}=N(w) N(u).∩  

,  where  is ( ) -{ , } has common neighbor ( ) with .x S S N v u a f x w∀ ∈   

4

4

4

If ( ) ,  { , , , } obtain .
If  ( ) ,  { , , , } obtain .
If ( ) ( '),  { ', , , ( )} obtain ,  '  , ' .

f x b b u v x C
f x w w x v u C
f x f x x v x f x C x S x x

=
=
= ∈ ≠

 

( ) ( )d w d v⇒ ≥ . 
Similarly condition ( ) ( )d v d w⇒ ≥ . 

( ) ( )d w d v⇒ =  
 

 

Since G is not regular, , ( ),  s.t. ( ) ( ).x y V G d x d y∃ ∈ ≠  

If  ( ) ( )  ~by above Gd x d y x y≠ ⇒ , and let { } ( ) ( ).z N x N y= ∩  

Since ( )d z can’t equal to ( )d x and ( )d y at the same time 
( ( ) ( )d x d y≠ ), W.L.O.G. , let ( ) ( )d z d y≠ .  
If ( ),  ( )p V G p N y∃ ∈ ∉ , then ( ) ( ) ( )d p d y d x= ≠ ,and 

( ) ( ) ( )d p d y d z= ≠ ~  and ~G Gp x p z⇒

4obtain  , { , , , }C p x y z⇒  -><- 
( ) 1.p y n⇒ = −  

 By case1 and case2 ,we get ( ) 1.G GΔ = −  


	02
	03
	04
	06
	07
	08
	09
	10



